Introducing a new method, we demonstrate how the action of reduced operators can be derived without resorting to a recoupling theory and how they exactly reproduce the results obtained in the standard approach of Quantum Reduced Loop Gravity (QRLG). This is particularly relevant while dealing with volume operator when dealing with the coupling of matter fields to gravity. Apart from reinforcing the close link between QRLG and loop quantum cosmology (LQC), this procedure also sheds new light on the issue of how to extract the continuum limit, without resorting to the large-j expansion, thereby pointing towards a new approach to tackle this problem.
I. INTRODUCTION
Within the framework of Loop Quantum Gravity (LQG) [1] [2] [3] , several strategies have been deployed hitherto in order to capture the cosmological sector of the theory. Notably Loop Quantum Cosmology (LQC) was developed to deal with the quantization of the symmetry-reduced phase space of the full theory, namely LQG, taken into account -see e.g. [4] [5] [6] . Other approaches naturally followed, with the purpose of linking LQC to the full theory of LQG, since quantization and symmetry-reduction need not, a priori, commute. Several possibilities, which were investigated, exists within the literature. The possibility that quantization and reduction commute was studied in [7] [8] [9] [10] , unravelling how the quantum configuration spaces of LQC can be embedded into the full theory. Light on the use of spinfoam techniques was shed in [11] , while coherent state techniques were proposed within the Group Field Theory approach in [12, 13] .
Quantum reduced loop gravity (QRLG) is chronologically one of the latest attempts, having been proposed in [14] and then developed in [15] [16] [17] (for a review see [18] ). (Soon after QRLG was proposed, a 'gauge unfixing' procedure, which is closely related to the implementation of Dirac Brackets and the quantization of the classically gauge fixed reduced phase space, was suggested in [19] .) It relies on imposing weak gauge-fixing conditions to the states of the kinematical Hilbert space of the full theory, LQG. This peculiarity allows one to recover the cosmological sector directly from LQG. Classically, the gravitational systems considered are those ones described by metrics with spatial part and dreibein gauge-fixed to a diagonal form. Gauge-fixing conditions are then applied weakly on the kinematical Hilbert space of the full theory. As a result, Bianchi I models can be successfully recovered in this framework. Furthermore, within the semiclassical limit, QRLG reproduces the effective Hamiltonian of LQC [17, 20] , in the µ 0 regularization scheme. It is also worth mentioning that the effective improved dynamics [21] can be inferred by averaging over the ensemble of the classically equivalent states [22] .
For these reasons QRLG is thought to provide a novel derivation of earlier results of LQC, including the realization of the singularity-resolution scenario. Nonetheless, the quantum gravity scenario can be completed only once matter fields are taken into account. Since QRLG introduces a graph structure underlying the description of the continuous universe at the classical level, and since the origin of the discretization must be recovered at the quantum level, the quantization of the matter fields will be achieved via the same tools of LQG [23, 24] . As a consequence, QRLG offers a framework to test implications of loop quantization for matter fields. The first analysis focusing on scalar matter field was developed in [25] . The implementation of gauge vector fields was then developed in [26, 27] , keeping in mind the potential role of vector fields in cosmology [28] [29] [30] [31] [32] [33] [34] . This has particular relevance for quantum gravity phenomenology, and the possibility of developing unified formalisms for all forces, with peculiar phenomenological consequences [35, 36] .
In this work we also come back to the link between LQC and QRLG, developing an alternative perspective about their relation. We indeed define the basic canonical variables along the edges and vertices of the fundamental cuboids we adopt in the tessellation, and directly apply methods borrowed from LQC to derive the regularized Hamiltonian operator within the framework of RLQG. The implementations of these new techniques and the development of new tools that are closely related to LQC has also the advantage of simplifying the coupling of matter fields to gravity. For instance, it is much more straightforward to deal with the volume operator in this framework than in the original formulation of RLQG. Furthermore, we get further insight into tackling how to recover the continuum limit in this formalism.
The paper is organized as follows. In Sec. II, we minimally couple the standard model of particle physics to gravity, cast the theory within the Hamiltonian formalism in terms of real (Ashtekar-Barbero) gravitational variables, and recover the kinematical Hilbert space of the theory. As a by-product of quantum gauge fixing, in Sec. III, we present the reduced lattice representation of the fundamental fields, including reduction of the Ashtekar variables. In Sec. IV we show how the actions of reduced operators can be derived without a recoupling theory and how they reproduce exactly the results obtained in the standard approach of RLQG. In Sec. V we discuss results obtained and argue on the relevance of the new method for QRLG.
Through the paper we will use the convention on the metric signature (−, +, +, +), we will introduce the reduced gravitational coupling constantk = 1 2 γ κ = 8πγl 2 P (γ and l P are the Immirzi parameter and the Planck length respectively), and set the speed of light to c = 1. The metric tensor is defined as g µν = e [37] , while i, j, .. = 1, 2, 3 are su(2) internal indexes and δ ij stands for the Kronecker delta. Notice that su(2) generators are defined as τ i = − i 2 σ i , where σ i are Pauli matrices. Lie algebra indexes for a generic gauge group G are labeled by A, B, ... = 1, 2, ..., dim(G). Finally, indexes α, β, ... represent internal fermionic transformation in some irreducible representation of the gauge group under consideration. Indexes written in the bracket ( ) are not summed, while for every other repeated pair the Einstein convention is applied.
II. FREE FUNDAMENTAL FIELDS IN THE FORMALISM OF LQG
We start by minimally coupling the standard model of particle physics to gravity, and cast the theory within the Hamiltonian ADM formalism in terms of real, i.e. Ashtekar-Barbero, gravitational variables. We then recover the kinematical Hilbert space of the theory, including matter fields degrees of freedom.
II.1. Classical Gravity: Fixing our notations
We define the Einstein-Hilbert action with the cosmological constant term, minimally coupled to the free fields of the Standard Model,
where L (matter) encodes the Yang-Mills field, the scalar field, and the Dirac field. In this section, we focus on the first two terms of S. The starting point in the construction of the Hamiltonian operator in LQG would be the Einstein-Hilbert action, which reproduces the classical equation of motion,
where R is the Ricci scalar. For completeness, we have also added the cosmological constant Λ in the action. Here g stands for the determinant of the metric tensor g µν and the gravitational coupling constant reads κ = 16πG. The canonical quantization procedure in LQG is realized on the Hamiltonian obtained from action S (g) , which is derived in the ADM formalism [37] while using the Ashtekar variables [38] . The latter are the Ashtekar-Barbero connection A 
An important remark is that the Ashtekar variables are introduced by a canonical point transformation on the gravitational phase space from the ADM canonical variables when the latter are written in the first-order form
. From now on, for consistency of notation, we will use superscript (A) rather than (g) in order to denote objects describing gravitational degrees of freedom. Since we foliate spacetime and restrict our analysis to threedimensional spatial hypersurfaces with metric tensor q ab on it, we reserve the term 'metric' only to this object.
i . This latter object, a densitized integral of the extrinsic curvature, is precisely known as the 'Thiemann complexifier' in the literature.
The second step is to granulate the spatial hypersurfaces. It is realized by a construction of small solid objects -grains, which fill all of the spacelike Cauchy hypersurface and intersect each other only in lower-dimensional submanifolds. This granulation of space is regulated by the parameter ε. The limit ε → 0 corresponds to the granulating object of trivial volume or, in other words, corresponds to taking the regulator to zero. This is done in a way similar to taking the decoupling limit in effective field theories -decreasing the volume of the grains while at the same time increasing their the number in the way such that they always fill out the full space. The standard choice for the shape of the solids is a tetrahedron and then the procedure is called a triangulation. The detailed description of this method can be found in [1, 39] . An alternative, much simpler choice for the shape of the solids is a cubealbeit resulting in fixing some of the gauge freedom of the theory. This is the case of the 'cubulation' procedure used in QRLG [15] .
As a consequence of the granulation of the space, we get a natural regularization of the dynamical variables. The remarkable result worth mentioning is that after quantization, the effect of the regularization is to remove both gravitational singularities (the initial singularity in a classical cosmology and the black hole singularity) and the UV-singularities of quantum matter fields [1] . Finally, the identification between the space and a graph Γ that is created as a consequence of the granulation is realized by a duality: Γ consists of links and nodes, hence in the dual graph we get respectively faces and volumes of the grains of Γ * .
At the level of the canonical variables, the regularization is realized as follows. The Ashtekar connection A i a is recovered from holonomies, or parallel transports of the connection, along links l a ,
Consequently, the curvature of the connection F i ab is turned into the holonomy around loop a b that starts from the initial point of link l a , goes along this link and through the shortest polygon chain, it returns along link l b to the initial point. This is realized via the following relations:
where
a τ i and p, q, r... label directions of the links of Γ. As a result we obtain the scalar constraint density written in terms of h l p , h q r , V and (in the case of the gravitational term) K, namely
Having the lattice-regulated scalar constraint, the quantization method is straightforward and can be implemented via the Dirac procedure. We turn Poisson brackets into commutators multiplied by 1/i and change the dynamical variables into operators. The kinematic Hilbert space of LQG (or its reduced equivalents, like QRLG) is the direct sum of cylindrical functions of (possibly reduced, i.e. diagonal) connections along the links of the graph Γ (the general graph or cuboidal one R Γ in the reduced case). In the case of LQG, the kinematic Hilbert space is equipped with an inner product defined as an integral over cylindrical functions with a SU(2)-invariant Haar measure. In the Alesci-Cianfrani model the SU (2) group is restricted to three U(1) subgroups defined along the directions of basis vectors that diagonalize the su (2) generators τ i . The basis states, called spin network states h|Γ; j l , i v , are labeled with a graph Γ, along with spin j l of the holonomy attached to each link l of Γ through irreducible representations of su(2) -these are Wigner matrices in the case of standard LQG -and with intertwiner i v implementing SU(2) invariance at each node v of Γ. In QRLG the basis states are R h|{Γ, j l , i v } R and involve Wigner matrices, which are rotated to the directions that diagonalize τ i and then projected on coherent Livine-Speziale states [40] , with maximal or minimal spin number j l -consequently, the fundamental representation takes values ±1/2.
The kinematical Hilbert space is constructed as a space of solutions of the constraints (5) and (6) . In the case of the Alesci-Cianfrani model, the SU (2) invariance is replaced with the three U(1) symmetries along the directions of the links of R Γ, while the diffeomorphism constraint is restricted to the implementation of an invariance under spatial diffeomorphisms, which do not generate any off-diagonal components. A precise definition of the Hilbert space in full LQG can be found e.g. in [1] , while that for QRLG is given e.g. in [15] .
Finally, the problem of solving the Hamiltonian constraint at the quantum level recasts as the problem of finding solutions of the actionĤ |Γ; j l , i v -in the reduced case, the action
While taking into account the cosmological constant's sector, the whole difficulty in finding a solution to the equation H (Λ) |Γ; j l , i v becomes the derivation of the action of the volume operator,
The gravitational Hamiltonian H (A) produces two classes of equations for the eigenvalues of the su(2) traces of the operators in (13) . As usual in the standard literature, we are going to call the first one the Euclidean term. It reads tr ĥ p qĥ
whereĥ r :=ĥ l r , with l r being the lattice link along direction r. The second, being the most complicated object, has been named the Lorentzian term and it is given by the formula
It is worth noting that equation (14) is solvable for simple configurations of states. However a problem that arises is the fact that there is an ambiguity in the choice of the definition of the volume operator [41, 42] . Besides that, as we will see in the next sections, in order to derive actions of the complete set of all the Standard Model matter fields, we need rather some powers ofV v . Hence, instead of focusing only on the cosmological constant sector described by formula (14) , we need to solve the following action,
n being a positive real number. In the case of equation (15), the solutions for standard LQG has been found only for single-node states of a particular valency i . However in the case of the reduced graph, a general solution exists, as shall be elaborated later in section (III).
i See e.g. [43] [44] [45] (for the trivalent nodes) or [46] (for the tetravalent nodes).
Derivation of the Lorentzian term equation (16) is even more demanding. As in the case of the Euclidean term, the result for a general case with a big number of nodes of different valency is rather impossible to be achieved. However, in the reduced model this term does not appear any more. This is a consequence of the diagonalization of the spatial metric tensor.
II.2. Standard Model of particles
The generally covariant action for free fields that are components of the Standard Model of particle physics can be written as
Here Q 2 and ζ are coupling constants, µ is an inverse of the Compton wavelength of the Klein-Gordon field, while m is an inverse of the Compton wavelength of the Proca field (in the Yang-Mills case, we simply put m = 0). F A µξ is a curvature of an SU(N ) gauge potential A A µ , ∇ µ is an SL(2, C) × G covariant derivative -acting on the gravitational degrees of freedom as a SL(2, C) connection -that annihilates the metric tensor g µν , vierbein e µ I and gamma matrix γ I , while G denotes the gauge group. Notice that ∇ µ acts as
and
where D µ denotes an SU(N ) covariant derivative, while Γ µIJ is a Lorentz spin connection including torsional degrees of freedom. The SU(N )-valued scalar field has been denoted by φ A , while Ψ = (ψ, η) is the Dirac bispinor. It is worth mentioning that cubic and quartic interactions are constructed only form the terms already included in (18) .
The Legendre transform of the action S = S (g) + S (Λ) + S (matter) -we included the gravitational terms for completeness -reads
where the constraints have the following forms:
Notice that the G, which does not appear before, is the Gauss constraint imposing the SU(N ) invariance. Spinors ψ, η have been replaced with the half-pseudoscalars -the scalar densities of weight one half -namely ξ = 4 √ q ψ and χ = 4 √ q η. This redefinition is allowed since covariant derivative D a ψ = (∂ a + τ i A i a )ψ annihilates q and the Legendre transform is unaffected by this change due to the relation
The total Hilbert space of the matter-gravity interactions reads
is the tensor product of the Hilbert spaces of the representations of different matter fields -for detailed definitions of these Hilbert spaces see [23-25, 27, 47] 
The dynamics of the system is encoded in the Hamiltonian constraint H. With the procedure of canonical quantization this object is replaced by the operator acting on the basis state,
All the matter fields are turned into operators. The gravitational degrees of freedom coupled with matter are encoded in the following objects:
√ q = |E|E 
Notice that the identities above allow to define diffeomorphism invariant representations for each single matter field inĤ -see e.g. [1, 47] . If we will release this condition, we can simplify the metric tensor identities, still keeping the diffeomorphism invariant restriction on the full Hamiltonian. Anyway, we obtain combinations of quantity E i a
|E|
n that can be replaced with 4 A i a , V n /(nγκ) using the Thiemann's trick (8) . It is worth mentioning that for the diffeomorphism invariant representations for each matter field (of weight density 1), n always equals 1/2. However, in the case of different representations (see e.g. [25] ), or the cubic or quartic interactions, n takes different values [47] .
As a result, all the gravitational degrees of freedom coupled with lattice representations of the matter fields, lead to the operator action
III. REDUCED LATTICE REPRESENTATION OF FUNDAMENTAL FIELDS
As was already mentioned in the previous section, formulas (15) , (16), (17) and (33), which are un-tractable in the general case of LQG, have analytical solutions in QRLG. Let us begin with the volume operator. The regularized action of this operator (17) in full LQG reads
where it has been assumed that the operator of a volume to a given power equals that power of the volume operator. The irregularity and complication of a structure of the general graph directly prevents from getting solution to equation (34) . Since the same operator appears in other equations such as (15) , (16) and (33) , it follows that these cannot be solved either. The situation is much simpler in the Alesci-Cianfrani model with the regular cuboidal, self-dual i graph.
Classical models involving a diagonal spatial metric describe a wide class of physical objects, including Kerr-Newman black holes and Bianchi I Universe, where the restriction on the symmetry does not break spatial diffeomorphism invariance. In these physically relevant models, quantum implementation of the diagonal gauge has to be done simultaneously at the level of the Hilbert space, and of all the constraints of the full generally covariant LQG. This provides an independence of the background metric as well as the gauge invariance of the operators that carry dynamical degrees of freedom and could be interpreted as observables. These properties are the quantum equivalents of the general covariance, which classically is encoded in the equivalence principle.
As a by-product quantum gauge fixing, i.e. restricting the spatial part of the metric to be diagonal, results in picking a cuboidal structure of graph Γ → R Γ and in reducing SU(2) symmetry of states in U(1) 3 symmetry -each U(1) along one internal direction. The diagonal form of the spatial metric can be realized at the level of the Ashtekar variables by the definitions
where l 0 is the length of the side of the fiducial cuboidal graphs we introduced. Notice that these reduced phase space variables satisfy the canonical relation in the fiducial volume l 3 0 of the basic grain of space,
In QRLG, the volume operator (34) has been first derived in the gravitational sector in the Alesci-Cianfrani model [15] . The eigenvalue of the reduced operator of the volume of a region R 3 reads
v− ei denotes the mean value of the spin along a direction i. Notice that the volume operator has a discrete spectrum, with the minimal eigenvalue in the case of the fundamental representation of the spin corresponding to Σ (i) v = 1/2. The fiducial length l 0 then has a cut-off at the quantum level on the limit of the lattice parameter ε, which can be identified roughly with ε 0 = k/2. Assuming that space is discretized with a minimal length, corresponding to the cube root of the minimal value of the eigenvalue of RV , then the following relation holds ε 0 = l 0 . This is a crucial conceptual point in our analysis: although the cuboids create a fiducial granular structure only for the purposes of regularization of the theory, here we identify the regulator to a physical scale which gives rise to a fundamental nonlocality on quantum scales. In other words, we identify a physical non-zero parameter to the minimum scale to which the regulator can be shrunk, setting which to zero shall reproduce the continuum limit ii . In (38) we introduced a new object, |c v ; j l , i v R , which is called a basic cell of the cuboidal graph R Γ. The term 8c v individuates a region around the hexavalent node v, which is surrounded by three perpendicular pairs of collinear links -one incoming and one outgoing -that emanate from v and end or begin in nearest neighbor nodes. Node v is at the center of c v , which is a cube normalized by a factor 1/8, having faces with centers positioned on the nearest neighbor nodes. The cellular decomposition of the eigenstates of the volume operator can be naturally extended to the eigenstates of other operators appearing in (14) , (15) and (33) . Since this triple and the volume operator form the complete set of dynamical operators in QLRG, the cellular decomposition can be implemented also on the reduced kinematical Hilbert space R H (tot)
kin , yielding
i The self-duality of Γ should be understood in a geometrical way. The faces dual to the links of Γ and the polyhedra dual to the nodes of this graph are respectively squares and cubes. They are elements of the dual graph Γ * , which is congruent to Γ. ii Finding the continuum limit of the theory is obviously a more subtle issue and shall be addressed in a future work [49] where RÔ := RV , tr
. Note that the Lorentzian term described by (16) is missing in this expression. This is due to the fact that using the diagonal, reduced variables (35) and (36) , this term equals zero. As a result of the cellular structure of R H (tot) kin , we can restrict calculations to the single-cell action,
which, for simplicity, is what we shall assume from now on. Finally, note that the self-duality of R Γ introduces the same cellular structure to the space R H (tot) kin * .
IV. NEW METHOD OF CALCULATION HCO FOR REDUCED MODELS

IV.1. Gravitational sector
In this section we show how the actions of reduced operators RÔ can be derived without a recoupling theory and how they reproduce exactly the results obtained in the standard approach [25, 27, 48] . 
The reduced momentum is smeared through surface S p normal to link l p of fiducial area l (35) and (36) read respectively
In order to derive the quantity RÔ |c v ; j l , i v R , we need to calculate the action of the smeared reduced momentum on a holonomy, which readŝ
. Finally, we can derive the reduced Euclidean term, ijk tr ĥ i j −ĥ
Considering for simplicity the fundamental representation of su (2) with generators τ i , we have to evaluate the following action
where the loop hononomy has been decomposed into the line holonomies -this, of course, can only be done since we have cuboidal graphs. The product under the trace is that of objects which are both geometrical operators acting on reduced states with an unchangeable order, as well as su(2)-valued elements obeying usual commutation relations and trace properties. Due to the fact that holonomy operator acts on |c v ; j l , i v R by multiplication, the relative order between the volume operator and the holonomies operators can be fixed only at the quantum level. In order to simplify the calculation, we first derive the formula
Hence the full Euclidean term gives ijk tr ĥ i j −ĥ
This expression can be analytically solved using BCH formula.
Let us first focus on the loop part, h i j = e i e j e −i e −j . Using the following expansion:
we can derive loops of both orientations,
In the expansions above, the objects in the commutators are the exponents of the exponential function in the definition of the reduced holonomy, precisely i =
The latter precisely reproduces the results obtained by Alesci and Cianfrani [17, 48] .
It is worth mentioning that one can derive formula (53) exactly, i.e. beyond a perturbative series. First, notice that multiplying formula ijk h i j − h −1 i j with ν k v , respectively, under the trace over the SU(2) algebra, only odd terms of the first and even terms of the second formulas do not vanish. These terms can be gathered together, giving
where p,q,r=1 runs over non-vanishing elements. Neglecting the inverse volume corrections, i.e. taking the approxi-
2r−1 ≈ 1, we reproduce known result of LQC. Obviously, there is an important identification to be made at this point. In the standard notation of LQC, and as long as one sticks with the fundamental representation of SU (2), the fraction ε 0 /l 0 is proportional as µ 0 . In the work by Alesci and Cianfrani, it was shown that theμ of LQC is related to the inverse number of nodes of the graph of the states, in which the expectation value of the Hamiltonian operator is taken in order to obtain the effective Hamiltonian. Indeed, in that case, if one works with a non-graph changing Hamiltonian, then this corresponds to the µ 0 scheme rather than the 'improved dynamics' of LQC. How does it measure up to our identification ofμ in our algebraic version of QRLG? The ratio of ε 0 /l 0 tells us how big our cuboidal graphs are compared to the fundamental quantum scale. This ratio, in our case, is indeed dependent on the fiducial length and if it is made phase-space dependent, i.e. l 0 is not treated as a constant any longer, then we can recover theμ scheme as well. After all, that would imply having a non-fixed length of our fiducial cubes, which would correctly correspond to the graph-changing Hamiltonian of the Alesci-Cianfrani graphical picture.
IV.2. Matter sector
We solve the action of the trace of the reduced operator describing gravitational degrees of freedom coupled to matter, tr τ i Rĥ−1 j RVn Rĥ j , using a similar method to the one applied in section (IV.1). Notice that the same expression has been used in the model of 2+1 gravity [50] . The BCH formula has been applied to the gravitational and the scalar field contribution to the Hamiltonian constraint. Let us repeat here the essential part of the calculations performed in [50] . Using the expressions (46) and (52), we get
We can rewrite the latter into the series form
Notice that we did not defined here the lattice representation for the matter field variables. We only considered a simple lattice node expansion f = v f (v) of field variable f . Detailed derivations of the matter field actions and definitions of the lattice representations for the matter field operators can be found in [25, 27, 47] . In this case, and differently than in the previous section where we also calculated the non-perturbative expressions, we restricted our expansions to the leading terms, which reproduce the classical expressions (25) and to the next to the leading order corrections. It is worth mentioning that these expansions have been performed around a small value of regulator ε, after the introduction of fiducial length l 0 in (35) and (36), which is independent of regulator ε (however its value is bounded from below, l 0 ≥ ε 0 -see V.1). Then, the semiclassical limit can be reproduced without any assumptions on the value of spin j (in particular, without using the large-j expansion). This shall be made more explicit in forthcoming work [49] . Finally, we omit calculations concerning the fermionic sector of matter, which are in preparation.
V. SUMMARY AND DISCUSSIONS
In this section, we conclude by investigating why the new method works in QRLG. We first begin by a brief summary of our results. We have rederived the effective Hamiltonian operator in QRLG using customary tricks deployed in LQC. This way we reinforce the close relationship between the two approaches while simultaneously uncovering a much simpler short-cut of deriving the effective Hamiltonian in models of QRLG. This also helps in coupling matter fields in this formulation, as dealing with the volume operator can be shown to be considerably more manageable in this case. However, we also raise important issues while going through our algorithm. Firstly, how can we recover the continuum limit starting from such a granular spacetime, as the one introduced in QRLG? Although such discretization is rather helpful for several technical reasons, one has to ensure that GR is recovered in the continuum case. This is a question that we would like to answer in the future with a particular focus on why the regulator cannot simply be taken to zero but rather to a physical constant, related to the Planck length. Another important question which comes up along the way, concerns the relationship between LQC and QRLG. Although this has been investigated in some detail in the past [18, 48] , we approach this issue from a different perspective here. After defining the basic canonical variables along the edges and vertices of our fundamental cuboids, we show how the methods of LQC can be applied to the case of RLQG in order to derive the regularized Hamiltonian operator and so, in effect, its dynamics. Superficially, it is not easy to discern why the recoupling theory in terms of reduced cuboidal graphs would be the same as that of employing the algebraic methods of LQC. However, on closer inspection we notice the deeper connection between the two, which is elaborated upon in the next subsection.
V.1. Abelian connections: why the shortcut works
It is interesting to investigate further why our method reproduces the results obtained in QRLG using cuboidal graphs. À priori, there does not seem to be an obvious reason for that. On the one hand, one calculates matrix elements in QRLG using complicated graphs after using some gauge fixings. On the other hand, in our method, one replaces point-wise holonomies in the operators before applying them on coherent states, without directly resorting to the graph structure of the underlying spin-networks. The reason for this lies precisely in the gauge-fixings used in QRLG. The choice of a diagonal tetrad field, in QRLG, mandates that the internal SU(2) group of rotations breaks into the product of three U(1) groups. Each of the SU(2) elements is projected into the three orthogonal directions, each labeled by an abelian U(1) group i . This is the crucial simplification used in the theory. It is worth emphasizing once again, that one does not choose such an abelian group ad hoc, but is rather dictated to do so due to the symmetric gauge fixing imposed on the physical tetrad field.
Before we explore this in detail, it is important to remember that an Abelian connection is not the same as a homogeneous one. Abelian connections have a rather unique feature absent in their non-abelian counterparts as has been pointed out in detail in [51] . Quantizations of Abelian connections are based on functions defined on the Bohr compactification of the real line. For instance, U(1)-holonomies based on an isotropic connection, c, maybe written as
withμ ∈ R. Thisμ maybe thought of an artifact coming from the full theory in the form of an area-gap parameter. The holonomies are usually calculated along all pieces along the edges of the integration cube of lengths ε 0 ≤ l 0 , with l 3 0 := d 3 x being the coordinate volume of the region under consideration. However, if one considers integer representations of the abelian U(1) group, n, then this parameterμ
ii may be thought of as the product of the representation label n and the fractional edge length λ = ε 0 /l 0 . Thus, one can span the Hilbert space of all integrable functions of the Bohr-compactified real line,R Bohr , rather than than some periodic interval of R. This is what is usually used extensively in constructions of LQC, and is at the heart of our point-wise holonomy operators used in our analysis.
Nonetheless, there is an identity which is used implicitly in this construction, which is only true for abelian systems. A U(1)-holonomy exp(ic), calculated in the n-representation, may be written as ρ n (exp(iλc)) = exp(iλnc) .
On the other hand, as a representation ofR Bohr , one may evaluate the λn-representation as ρ λn (exp(ic)) = exp(iλnc).
These two functions of c agrees and can be identified with each other. This agreement of the functional values is usually utilized in LQC to construct the states on Hilbert space, as functions onR Bohr . With a simple counterexample, we can show that this fortuitous mathematical property only exists for Abelian connections. For a SU(2) connection the two functions ρ j exp(iλc) and ρ λj exp(ic) not only are not equal but the latter expression is not even defined when λ is an integer or half-integer. In this analysis, it is important to remember that one merges two different quantities to obtain the parameterμ, the edge length of the spin network state and the representation label. This is what is also done for QRLG. One first defines a cuboidal graph, and then gauge-fixes the tetrad to break the SU(2) into three U(1)-groups, the crucial point being the fact that the residual symmetry groups are Abelian. Elements of the reduced kinematical Hilbert space are labelled by cuboidal graphs, having U(1) group elements at links and some reduced intertwiners at nodes, which are labelled by complex numbers. In practise, this is then the same as what is done for LQC and that is why our method matches with that of QRLG.
